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ABSTRACT 
Ferroelectric (FE) and closely related antiferroelectric (AFE) materials have unique 
electromechanical properties that promote various applications in the area of capacitors, 
sensors, generators (FE) and high density energy storage (AFE). These smart materials with 
extensive applications have drawn wide interest in the industrial and scientific world because of 
their reliability and tunable property. However, reliability issues changes its paradigms and 
requires guidance from detailed mechanism theory as the materials applications are pushed for 
better performance. A host of modeling work were dedicated to study the macro-structural 
behavior and microstructural evolution in FE and AFE material under various conditions.  
This thesis is focused on direct observation of domain evolution under multiphysics 
loading for both FE and AFE material. Landau-Devonshire time-dependent phase field models 
were built for both materials, and were simulated in finite element software Comsol. In FE 
model, dagger-shape 90 degree switched domain was observed at preexisting crack tip under 
pure mechanical loading. Polycrystal structure was tested under same condition, and blocking 
effect of the growth of dagger-shape switched domain from grain orientation difference and/or 
grain boundary was directly observed. AFE ceramic model was developed using two sublattice 
theory, this model was used to investigate the mechanism of energy efficiency increase with 
self-confined loading in experimental tests. Consistent results was found in simulation and 
careful investigation of calculation results gave confirmation that origin of energy density 
increase is from three aspects: self-confinement induced inner compression field as the cause 
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of increase of critical field, fringe leak as the source of elevated saturation polarization and 
uneven defects distribution as the reason for critical field shifting and phase transition speed. 
Another important affecting aspect in polycrystalline materials is the texture of material, 
textured materials have better alignment and the alignment reorganization is associated with 
inelastic strain. We developed a vector field of alignment to describe texture degree and 
introduced the alignment vector into our FE and AFE model. The model with alignment field 
gave quantatively results for the well-recognized irreversible strain in AFE virgin ceramics 
during the first poling process. The texture field also shows a shielding zone under mechanical 
loading around existing crack tip. 
In conclusion, this thesis developed working models of FE and AFE material and 
systematically studied their behavior under multiphysics loading in a finite element analysis 
approach. Materials structure of polycrystal materials including grain orientation, grain 
boundary, defects and materials texture were tested for their effect on hysteresis and switched 
domain growth. Detailed microstructure development in domain switching and alignment was 
directly observed in this simulation. 
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Chapter 1  INTRODUCTION 
1.1 Motivation 
Ferroelectrics have drawn great attention in both industry and research world because 
of the significant properties they have and the pervasive reliable applications these properties 
make.  Including actuators, sensors, buzzers, power supplies, capacitors, ultrasonic motors, 
transducers, these applications are implement of the two most practical properties of 
ferroelectrics: Firstly the ferroelectric materials are piezoelectric, meaning that applied stress 
on them would generate electric charges, and secondly external electrical field could also pole 
ferroelectrics and polarization is associated with inelastic strain. The electro-mechanical 
behavior responsible for both generator and motor possibilities is a results from special 
microstructure response buried with uncovered mechanisms. In this thesis, we will peruse the 
simulation of microstructure domain evolutions for ferroelectrics under multiphysics loading.  
Antiferroelectric (AFE) materials have properties and structure closely related to 
ferroelectrics, having similar energy level with FE, it is possible to introduce ferroelectric phase 
transition out of antiferroelectric phase by the application of external field. Bulk AFE have zero 
spontaneous polarization despite the existence of permanent dipole moment similar as in 
ferroelectrics. The non-polarized macroscopic behavior is a result from the stable anti-parallel 
lattice order in AFE state, which makes adjacent unit cells share equal dipole moment 
magnitude but have orientations in opposite directions, cancels out the total polarization. It is 
easy to infer from the lattice alignment that AFE material is not piezoelectric. However, phase 
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transition from AFE to FE is accompanied with volumetric strain. Cyclic electric loading can 
introduce FE phase and revert the direct through relaxation into AFE phase. The polarization- 
electric field plot containing AFE signature properties is usually called a double-hysteresis loop. 
AFE-FE transition have a sharp jump of polarization coupled with volume change, and reverse 
transition of FE-AFE jump completes the loop. This loop can be tweeted with its shape and 
position by careful composition design and a certain group of AFE with slim and away from axis 
double-hysteresis loop gained manufacturing interest for its potential as a high efficiency 
energy storage method. As seem in figure 1-1, the possible energy store amount is in shaded 
area for closely related materials: dielectrics, ferroelectrics, and antiferroelectrics. The fact that 
AFE have high dielectric constant jump at phase transform point, and slim hysteresis loop make 
them a perfect energy storage media with considerable high energy outlet and charge ratio.  
 
Figure 1-1    Energy storage ability for dielectric (left), ferroelectric (middle), and 
antiferroelectric (right) materials. Energy portion for store indicated by dashed area. 
Two parameters generally used to evaluate the performance of an energy storage 
design are the energy density and power density. Energy density is the energy a storage system 
can store per unit volume or weight, with the unit of Wh/kg or Wh/l; power density on the 
other hand is the energy density increased during unit time scale, describes the rate of charging 
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and discharging. Traditional energy storage method such as capacitors have high power density 
or the ability to charge and release energy in short period of time but can only store relatively 
small amount of energy per unit volume, while batteries and fuel cells have large energy 
density which means capability to store large amount of energy given restricted volume or 
mass, but takes longer time to charge. Aiming to meet the demand of both high power density 
and high energy density, super capacitor and AFE material are the two indispensable energy 
storage media candidates.  
 
Figure 1-2    Power density and Energy density distribution of common energy storage 
systems. 
The application of AFE materials as energy storage capacitors have been invested in 
industry and preliminary products show both promising features and reliability problems. One 
of the top reliability issue is the mechanical strength of AFE. Under electrical cycles, AFE-FE 
transformation is coupled with large volume change, of about 0.74% for PbZrO3[1]. Such 
electrical-mechanical coupling makes AFE a great candidate for sensor and force generator, but 
also leads to high internal stress during charging and discharging process when working as 
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capacitor. This phase transition induced stress may play an important role in the fact that AFE 
ceramic have very low strength, strongly impede the application of AFE as capacitor. Unlike the 
famous and well-studied ferroelectric material, AFE material have limited established theory 
and yet much more complicated properties. In this thesis we propose a phase field model for 
AFE ceramic to unveil the microstructure evolution under multiphysics loading. 
1.2 Thesis Organization 
Literature review is covered in Chapter 2 to introduce the basic concepts and method 
used in the conduct of this thesis. Information about known properties of target materials: 
ferroelectric materials and antiferroelectric materials are covered in the first half of Chapter 2. 
Section 2.3 is focused on review of existing theory and simulation approaches for these 
materials. Chapter 3 and Chapter 4 consist detailed description of calculations of FE and AFE 
models respective. Chapter 3 focused on ferroelectric study, we used finite element simulation 
to solve a phase field model using Landau theory, and examined the growth pattern of 
generally accepted dagger-shaped switched domain in cracked sample in polycrystalline 
materials. In Chapter 4 we described in details a model we developed for AFE material, and 
simulations for self-confining mechanisms in a specific composition AFE material. This 
calculation confirmed the leading mechanisms for energy storage ability improvement in AFE 
when using self-confinement boundary condition. Furthermore, in order to unveil the non-
reversible strain in phase transition of virgin ceramic, alignment field was imposed upon both 
FE and AFE models to simulation virgin ceramic response on first poling. This idea of alignment 
is loosely comparable to texture degree used in polycrystal metallurgy science. 
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Chapter 2  LITERATURE REVIEW 
2.1    Basic concepts  
Dielectric materials are insulators, when electrical field is applied, the electric charges 
cannot flow through dielectric material, and instead, the material becomes polarized along 
electric field direction. Polarization is the resulting net dipole moment opposite to external field 
and hence raise internal field that reduces overall electric field strength. Generally, dielectric 
polarization rises from shifting of charges, including separation of electronic, ionic, dipolar 
reorientation, and space charge separation. The ability to get polarized under given electric 
field is regulated by electric susceptibility 𝜒𝑒 = 𝜀𝑟 − 1, here 𝜀𝑟 is the material constant of 
relative permittivity. 
𝑃 = 𝜀0𝜒𝑒𝐸 
Noting that E is the applied electric field, P is the induced polarization, and  𝜀0 is a 
constant with the value of 𝜀0 =  8.854 × 10
−12 [𝐹/𝑚], commonly known as the permittivity of 
free space. 
The total electric displacement 𝐷 relates to polarization 𝑃 in the following form: 
𝐷 = 𝜀0𝐸 + 𝑃 
Generally polarization is not an instantaneously response to electric field, the speed of 
polarization response depends on the mobility of electron carriers (ions, cations, electron 
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clouds) in a linear system, the frequency of polarization relates to permittivity and electric field 
frequency. 
𝑃(𝜔) = 𝜀0𝜒𝑒(𝜔)𝐸(𝜔) 
The shape of frequency dependent susceptibility function describes the ability of 
dispersion of the material. This delay in time is easy to understand given that the formation of 
polarization is essentially form shifting of ions or electrons. 
2.2    Theory of ferroelectrics 
2.2.1 Ferroelectricity 
Ferroelectricity is the special property of a group of material, having net spontaneous 
polarization without applied electric field. Although the polarization response of ferroelectric 
material is not linearly related to electric field, the polarization direction could be reversed with 
external electric field. And the significant feature of ferroelectrics is history dependent, showing 
the hysteresis loop of Polarization-Electric field curve which is analog to B-H curve of  
ferromagnetic materials, hence the name ferroelectrics, even though usually no iron 
component is in ferroelectric materials. The signature polarization response of ferroelectric 
material relies on the internal dipole moments coupled to lattice structure. And people group 
symmetry of lattice to define the physical properties of a crystal. Among the 32 symmetry point 
groups, ferroelectric materials falls into the group of 20 piezoelectric classes, which have 
surface charge response to applied external stress field. Furthermore, ferroelectric exert 
different property with respect to temperature, makes it member of the 10 pyroelectric groups.  
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Figure 2-1    Symmetry group classification of ferroelectrics 
Among the group of materials that are both piezoelectric and pyroelectric only part of 
them are ferroelectric. Here we employ the definition of a ferroelectric crystal by George 
Samara: “A ferroelectric crystal is a crystal that possesses reversible spontaneous polarization 
as exhibited by a dielectric hysteresis loop.” The characteristic properties of ferroelectric shows 
in a signature figure of hysteresis loop as in Figure 2-2: 
 
Figure 2-2    A typical plot of Polarization-Electric field (P-E) hysteresis loop of 
ferroelectric materials starting from virgin state. In the plot 𝐸𝑐, 𝑃𝑠, 𝑃𝑅 denotes coercive field, 
saturation polarization and remnant polarization respectively[2]. 
It is notable that all ferroelectric materials, despite of the existing large variety of 
material forms, share some general properties that defines their ferroelectricity[2]: 
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Curie point 𝑇𝑐 exist for all ferroelectric crystals, above which point the order of 
dipoles are broken and ferroelectric hysteresis disappear. The crystal behaves in a 
dielectric manner above 𝑇𝑐 (Noting for some ferroelectric the melting point or 
decomposition temperature might be lower than 𝑇𝑐).  
At Curie point 𝑇𝑐, the material undergoes phase transformation in to a form of 
higher symmetry, usually paraelectric or non-polar phase. 
The ferroelectric crystal structure comes from distortion of lattice structure of 
paraelectric phase in higher temperature. 
Ferroelectrics generally have high permittivity and it rise rapidly as temperature 
change towards Curie temperature 𝑇𝑐. 
The permittivity of ferroelectrics above Curie point usually follows Curie-Weiss law. 
A cluster inside ferroelectric body with homogeneous polarization direction and 
property is a domain. The existence of domains ensures that virgin FE ceramic do not show 
macroscopic polarization and minimizes depolarization energy. Within each domain, material 
properties, including the electrical and mechanical properties are consistent. The larger a 
domain size is, the higher depolarization energy it accumulates. And depolarization energy 
dominants when no external field exists, preventing single crystal ferroelectric material to have 
infinitely large single domain structure. Instead, the bulk material develops multi-domain 
structure with domain boundary occupying the neighboring area. With the application of 
external electric field, researcher have observed both experimentally and computationally that 
the polarization domain switching relies on the movement of domain boundaries. As the 
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domain boundary move towards unfavorable poled domain, electric field favored domain 
expand into unfavorable poled domain. Saturation polarization state is the state where the 
volume of unfavorable domain and domain boundaries are minimized.  
 
Figure 2-3     Domain evolution of ferroelectric Rochelle salt with cyclic external electric 
field: (a) initial state 0 𝑘𝑉/𝑐𝑚, (b) −60 𝑘𝑉/𝑐𝑚, (c) 0 𝑘𝑉/𝑐𝑚, (d) 60 𝑘𝑉/𝑐𝑚. The black and grey 
regions indicates polarized domains with opposite poled direction. 
  The fact that ferroelectric is also piezoelectric makes FE materials promising candidate 
of applications like sensors and actuators. The Strain-Electric Field hysteresis is called butterfly 
curve due to its shape, this electro-mechanical coupling also makes great properties from 
reversed correlation that external stress loading introduces polarization switching. 
2.2.2 Antiferroelectricity 
Antiferroelectricity (AFE) is closely related to ferroelectricity, both with permanent 
dipole when zero electric field involved. In ferroelectric material these dipoles cluster in to 
domains, within each domain all dipoles are parallel to the rest of the dipoles, resulting in the 
manifestation of net macroscopic polarization so called spontaneous polarization. Whereas the 
dipoles in AFE materials are more stable in the manner of anti-parallel order, meaning each 
dipole have an immediate neighboring dipole with equal dipole moment but poling to the 
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opposite direction. This special antiparallel structure leads to many of the unique properties of 
AFE materials. With the application of external electric field larger that a critical field, AFE can 
be transited to FE state. This transition between AFE and FE is completely reversible and gives 
the signature double hysteresis polarization-electric field curve.  
 
Figure 2-4    AFE polarization response to external electric field of (a) smaller that critical 
field value, and (b) larger than critical field, shows the signature double hysteresis P-E loop. The 
arrows in box indicates adjacent lattice polarization direction. 
2.3    Simulation for ferroelectrics 
2.3.1 Landau theory of phase transition 
Landau theory was developed by Lev Landau first in the attempt to describe 
superconductivity. The theory have been vastly useful as a general approach to study and 
describe detailed behavior phase transition in solid matters. Many models and theories were 
developed base on Landau theory. The basic idea of Landau theory is to construct a free energy 
function that conveys the essential physical property of target system, and find solution by 
minimizing the energy function with respect to its variable, the order parameter and affective 
environmental parameter. Order parameter is the characterization parameter in system, have 
11 
 
value of zero at random state, and non-zero value at ordered state. It is magnetization in 
ferromagnet, and polarization in ferroelectrics. The phase transition is often dependent on 
temperature so that temperature is chosen as the affecting parameter. Typical structure of 
Landau function takes the form of a series expansion: 
𝐸 = ∫ (𝑓0(𝑇) + 𝛼(𝑇)𝑚
2 +
1
2
𝛽(𝑇)𝑚4 + 𝛾(𝑇)∇𝑚∇𝑚…)𝑑𝑥3 
Where 𝑓0(𝑇) is the free energy of system under disordered state. 𝑚 is the chosen order 
parameter, and the parameters 𝛼(𝑇), 𝛽(𝑇), 𝛾(𝑇) determines the behavior of system. Higher 
order terms can also be included depending on the interest of study.  
Landau theory falls in the group of mean-field theory, we can describe the nature of 
system phase transition by minimizing free energy over order parameter as a function of 
temperature. And since the sign of parameters 𝛼(𝑇), 𝛽(𝑇), 𝛾(𝑇)… have great influence in the 
shape of free energy function, the phase transition is made possible by changing sign of these 
parameters (Figure 2-5). The sign and value of these parameters are essentially dependent on 
temperature. 
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Figure 2-5   Free –energy function with respect to order parameter. With the changing 
sign of T, the minimum point of energy function or equilibrium state of system shift from M=0 
to M=±a, a certain value.  
Two solution types of transition are fist order and second order transitions[3]. As 
suggested by the denomination, first order transition have first order continuity at transition 
point, and second order have better continuity to second order level. The typical free energy, 
polarization change around transition temperature of first and second order transitions for 
ferroelectrics are plotted in figure 2-6. It is not always easy to determine a transformation is 
first order or second order by polarization discontinuity experimentally in reality, because 
impurities and crystal defect could smooth out polarization jump. When this problem rises, X-
ray detect of spontaneous strain can be used to overcome the ambiguity. 
 
Figure 2-6   (a) polarization change around critical temperature in first order transition. 
(b) polarization change around critical temperature in second order transition.[3] 
2.3.2 Simulation for ferroelectric materials 
Ferroelectric materials have been applied in sensors, actuators, electro-optical shutters, 
and many other ways. To get physical understanding of the mechanism and gave guidance to 
industrial design, extensive studies were investigated into simulation of ferroelectric behavior: 
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empirical models were successfully developed to reproduce hysteresis loops under multi-
physics environments, and phase field model were developed to study the microscopic 
transition of domains. Zhang and Bhattacharya’s[4, 5] work introduced a TDGL style 
computational model to describe the microscopic domain evolution with realistic mechanical 
and electrical loading. This method provides detailed information of domain wall structure and 
presented agreeing results with experimental measurements. The method of using large noise 
to introduce nucleation in earlier simulations was abandoned and a more efficient and realistic 
nuclei was introduced in the form of defects. These defects are consider as “soft points” in 
sample, with same mechanical and electrical coefficient, but prescribed to have a Landau-
Devonshire polarization energy of shallower energy barriers between stable state, making these 
defects easier points to nucleate phase transition. Defects can be representative of material 
impurity, dislocation or void in real materials, and the concentration was controlled under 1% 
of area in 2D model. 
With the same model, researchers also proved that the larger strain ferroelectric 
materials experienced with domain switching is a result from 90° domain wall switching. This 
method is a very useful tool to investigate the relationship between microscopic structure 
evolution and macroscopic physical behavior. 
One research interest that greatly benefit from this model is the domain switching 
effect on fracture of ferroelectric material. Both stationary crack and mobile crack model was 
built upon the idea of TDGL style ferroelectric model [8-11]. The simulation work of Landis et al 
[11, 12] and Zhang et al show that the domain switching of ferroelectrics induce toughening 
effect of material strength. When perpendicular loading is applied to crack surface in poled 
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ferroelectrics, interesting domain structure of double dagger shaped second domains are 
formed with crack surface as the symmetric axis, polarization switched to stress field direction, 
a 90° rotation[13]. It is also general found that in single crystal material, switch domains have a 
tendency to grow along the longitude direction without stopping. This is because the nucleation 
of new domain overcame energy barrier and introduce local stress concentration as 
ferroelectric material have large strain for electro-mechanical coupling. And in single crystal 
model, no impurity or grain boundaries serve as pining point to stop the growth of second 
domain under infinitesimal driving force so that the switching is fully reversible with loading-
unloading process. The domain switching induce toughening effect is calculated to be about 
∆𝐾𝐼 = 60%~140%. 
Phase field model was also investigate for polarization domain switching effect along 
with growing of mobile crack. Arias’s[8, 9, 14] group built the phase field model to simulate 
brittle material crack propagation, where crack surface is a smooth transition and crack grows 
when critical energy is met. Their simulation indicates that the propagation of crack would 
initiate twining domain structure and the microstructure evolution is preventing the shielding 
effect or toughening effect earlier researches aimed for. Based on the phase field simulation of 
crack propagation in single crystal ferroelectrics, the authors later developed a polycrystalline 
model[9] to investigate the role of grain size and orientation in crack growth and polarization 
microstructure. Their results agree with experimental observations and theoretical predictions 
in the grain size and crack path relation: the larger grains favors transgranular fracture and 
small grains promotes intergranular fracture. The orientation of grains in ceramic tilts the 
polarization direction of each domain and break the twining domain structure appears in single 
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crystal model. With these results it is safe to say the formation of transgranular fracture and 
intergranular fracture are directly linked to grain size, yet polycrystalline material have much 
more complicated, less ordered behavior than that of single crystal. 
Grain size and grain orientation effect on polycrystalline ferroelectric was conducted by 
Cloudhury et al. [15]with phase field model, the orientation was found to be of little effect on 
hysteresis loop when the orientation difference is smaller than 15° , while large orientation 
difference is responsible for nucleation of new domain directions and increase of both coercive 
field  and saturation polarization. The new domain is mostly about 90° switching and confirms 
the significance of domain boundary in determine switching behaviors.  
The follow-up publications from same research group developed 3-D model[17] with 
predefined polycrystalline structure and given orientations in each grain, the hysteresis study 
confirms that 90° domain boundaries are the source of polarization evolution and hysteresis, 
that the domain nucleation starts from existing grain boundaries. And electrical energy is found 
to be the main driving force for domain wall migration and new domain nucleation. The 
significant role of domain boundaries in hysteresis was predicted from experimental results and 
theoretical analysis long before confirmation from simulation. And the full affection of domain 
boundary is still to be discovered. Similar but more significant grain boundaries are simulated 
by Tong-Yi Zhang’s group[16], in a real space phase field model, they define that grain boundary 
to be of finite width and with same mechanical property but dielectric. It is found that the 
existence of finite width grain boundary introduce a large depolarization energy, increased 
piezoelectric coefficient and permittivity of polycrystalline ferroelectrics. And the increase of 
grain boundary thickness is related to decreasing of coercive field form the hysteresis loop[16].  
16 
 
2.3.3 Soft model theory 
The soft phonon concept was first introduce by Cochran to describe displacive   FE 
transition. Stability of crystalline lattice or stable phase is defined in a lattice dynamic way 
which requires real solution of frequency in all modes. The modes that are considered in lattice 
stability are examined with zone center acoustic mode (correspond to long wave length 
homogenous deformation), zone center optic mode (correspond to long wave length 
inhomogeneous deformation), and zone boundary mode (short wave length deformation)[18]. 
When the frequency of one mode vanishes to zero, atoms in that mode is displaced in new 
equilibrium, and no restoring force exit to drive it back into previous equilibrium state. 
Therefore phase transition is accomplished. A soft phonon mode is the mode that have 
vanishing frequency at Curie point.  
Vanishing of frequency in ferroelectric comes from cancellation of the competing short-
range and long-range Coulombic forces. The cancellation can be achieved by changing variables 
that affects materials properties, such as composition, temperature, external electric field, or 
external stress field. The soft mode frequency solution is found experimentally to be related to 
temperature: 
𝜔𝑠
2 = 𝐾(𝑇 − 𝑇𝑐) 
Here 𝑇𝑐 is the second order transition temperature, and K is a constant with positive 
value. In FE materials, Curie-Weiss law and Lyddane-Sachs-Teller relationship are true, so the 
dielectric constant and frequency solution holds relationship: 
𝜀′(𝑇)𝜔𝑠
2 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 
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Soft mode model can be used to describe phase transition under multi-physics 
condition. 
2.3.4 First principle theory 
Phase-field continuum model and soft mode models are successful in describing a lot of 
important ferroelectric behaviors, but first principle model are still needed to discover the 
atomic scale mechanism. Especially composition dependent mechanism with little amount of 
composition changed, and nano-domain, ultra-thin film behavior. Most first principle works 
were conducted after the 1990s, and early research show that in ferroelectric lattice, all 
Coulombic lattices can be considered as unstable with respect to the off-center ionic 
displacement. The short rang random impulsive forces are responsible for stabilizing these 
lattices. The work in first principle model have successfully proved the determine role of 
mechanical field in formation of 90° domains and electrostatic controlled head to tail formation 
of domain structures. Both theories have consistent experiment support. Atomic scale finite 
element method (AFEM) was also developed recently, with the similar energy view of system as 
continuum finite element phase field mode, but the system is assigned with a certain numbers 
of atoms. The AFEM is proved to have better efficiency than Molecular Dynamics (MD) 
calculation[19]. 
2.3.5 Kittle model of antiferroelectricity 
Kittle define the antiferroelectric state in 1951 before AFE materials was experimentally 
proved to exist. AFE have spontaneous dipoles like ferroelectrics but these dipoles are arranged 
in anti-parallel order so that no overall polarization can be observed. AFE is a group of material 
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with similar free energy to ferroelectrics, in certain lattice AFE state can be more stable over FE 
and AFE-FE transition is possible to introduce by external field. Unlike ferroelectrics, AFE is not 
piezoelectric due to the lack of symmetry center, but phase transition from AFE – FE is expected 
to be couple with strain. 
Based on the Kittle theory[20], Cross et al[21, 22] developed the two-sub lattice model 
that gave quantatively realistic curves for AFE polarization, free energy and dielectric 
susceptibility. The lattice structure is defined to be in two set of sublattices (a and b), with same 
property and are only differentiated by alternative adjacent position with polarizations pointing 
to opposite directions, defined as 𝑃𝑎 and 𝑃𝑏 respectively. Since the neighboring lattices have 
opposite polarization direction in AFE state and in FE state same directions, the polarization 
vector of previously defined sublattices will determine the phase of material.  From Kittle 
theory, the free energy that describes many properties of AFE could be written in a simple 
expansion: 
𝐺1 = 𝑓(𝑃𝑎
2 + 𝑃𝑏
2) + 𝑔𝑃𝑎𝑃𝑏 + ℎ(𝑃𝑎
4 + 𝑃𝑏
4) 
Here the constants f, g, h defines the behavior of material. For a stable system h>0, and 
f decreases, the system transit into either ferroelectric or antiferroelectric state in a second 
order phase transition depending of the sign of g.  
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Figure 2-7    Illustration of two sublattice structure and definition of AFE, FE phase 
depending on polarization alignment in a simple 1D lattice. 
 𝑃𝑎 and 𝑃𝑏 are the polarization of the imaginary two sub-lattices, and regular recognized 
ferroelectric polarization (𝑃) and imaginary antiferroelectric polarization (?̅?) can thus be 
express with 𝑃𝑎 , 𝑃𝑏: 𝑃 = 𝑃𝑎+𝑃𝑏, ?̅? = 𝑃𝑎−𝑃𝑏. The total free energy written in 𝑃, ?̅? with external 
electric field in consideration have the form: 
𝐺 =
1
2
(𝑓 +
1
2
𝑔)𝑃2 + (𝑓 −
1
2
𝑔) ?̅?2 +
ℎ
8
(𝑃4 + 6𝑃2?̅?2 + ?̅?2) − 𝐸𝑃 
 
At each applied electric field, both polarizations 𝑃 and ?̅? can be calculated as to 
minimize the Gibbs free-energy: 𝜕𝐺 𝜕𝑃⁄ = 0, and 𝜕𝐺 𝜕?̅?⁄ = 0. The constant f, g, h tweaks AFE-
FE state stability and a simple simulation show the temperature dependency is in the 
parameter f and g. 
In Kittle’s theory, antiferroelectric material is not piezoelectric so that no mechanical 
response is coupled to electric behavior when crystal is in AFE phase, but AFE to FE transition is 
accompanied with considerable large transition strain, making electro-mechanical effect 
possible in AFE materials if sufficient electric field is applied to transit it in to FE phase[22, 23]. 
This mechanical coupling has drawn great interest to investigate possibility of sensor 
application and the role of phase transition in electrical break down of the material.  
The two sub lattice definition for antiferroelectric was invoked by Tan et al[24] and 
successfully predicted the stress effect on electric field induce AFE-FE phase transition. Double 
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hysteresis loop of the phase transition shows that both uniaxial compression and radial 
compression have strong delay effect in AFE-FE transition. AFE under compression loading 
requires larger coercive field to transform into FE and the induced FE state equilibriums with 
lower saturation polarization, highly agrees with experimental data and confirms the theory 
that mechanical field have delay effect in AFE-FE transition. The experimental results for pellet 
sample and 2D simulation hysteresis loops are shown in Figure 2-8. The two sublattice theory is 
discussed in detail later in Chapter4 as we invoke 𝑃 and ?̅? to be primary order parameters in 
our AFE model. 
  
Figure 2-8  (a) (b)Experimental data of polarization hysteresis under axial and radial 
compression. (c) Computational results of half cycle hysteresis loop for AFE –FE transition under 
various stress condition[24]. 
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Chapter 3  SIMULATION OF FERROELECCTRIC MATERIAL UNDER 
MULTIPHYSICS LOADING 
3.1 Introduction 
Ferroelectricity has been intensively studied during the past decades. Plenty models 
focus on the piezoelectricity aspect and had great success in describing the coupling strain with 
domain switching or hysteresis loop of ferroelectric materials [19, 25, 26].  Zhang and 
Bhattacharya’s work [4, 5] give an empirical finite element model to study the detailed domain 
structure during domain switching and many time-dependent studies were conducted based on 
their work. One closely related focus is the topic of domain switching around cracks. Models 
with both stationary and mobile cracks have been investigated. Simulation results and direct 
observations from the work of Wang’s[6] group shows that a pre-existing crack tip would serve 
as a nucleation point for domain switching because of electric and stress field concentration. 
With small transverse electric field or mechanical loading applied, symmetric butterfly shaped 
switched domains would initiate right in front of the pre-existing stationary crack tip. 
Simulations for growing crack in FE sample shows a blocking effect for crack propagation on 
domain boundaries. 
From direct experimental observation, there could be partial domain switching in 
ferroelectric ceramics around crack tip. Results in pure single crystal simulation, however, 
shows non-stop switching throughout whole material and is fully reversible under unloading. 
The factors that stop crack tip switched second domain from penetrating full sample could be 
one or more from impurities, voids, grain boundary, mismatch of grain orientation, or release 
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of field concentration after crack propagates. These factors are not included in the single crystal 
sample. To validate and simulate effects form these aspects, I designed this part of work 
focusing on the cause analysis of for localization of crack tip domain switching. 
3.2 Phase field model and validation for ferroelectrics 
3.2.1 Single crystal ferroelectric model 
To simulate ferroelectric behavior, we follow the Landau-Devonshire phase field model 
developed by Zhang and Bhattacharya[4], take polarization 𝑃, displacement 𝑢, and electric 
potential 𝜙 as independent variables. Total potential energy for a ferroelectric materials is 
constructed in the form  
𝑊 = 𝑊𝑖 + 𝑊𝑝 + 𝑊𝑠 −
𝜀0
2
|𝐸|2 − 𝐸 ∙ 𝑃 
Where 𝐸 = −∇𝜙 is the electric field, and 𝜀0 is the vacuum permittivity. 𝑊𝑖  stands for 
interface energy associate with gradient of polarization ∇𝑃, which is a general approach in 
phase field model to penalize sharp boundary. 𝑊𝑝 + 𝑊𝑠 is the Landau-Devonshire energy stored 
in material, arise from polarization, strain and their coupling effect. Energy function are chosen 
according to Devonshire theory, adapted to plane polarization and plane strain state. 
𝑊𝑖 =
𝜂
2
∙ 𝑃𝑖,𝑗𝑃𝑖,𝑗 
Here coefficient 𝜂 is chosen to be a small number denoting strength of domain interface 
energy and serves to create smooth boundary. 
𝑊𝑝 =
𝑎1
2
(𝑃1
2 + 𝑃2
2) +
𝑎2
4
(𝑃1
4 + 𝑃2
4) +
𝑎3
2
𝑃1
2𝑃2
2 +
𝑎4
6
(𝑃1
6 + 𝑃2
6) +
𝑎5
4
𝑃1
4𝑃2
4 
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𝑊𝑠 = −
𝑏1
2
(𝜖11𝑃1
2 + 𝜖22𝑃2
2) −
𝑏2
2
(𝜖11𝑃2
2 + 𝜖22𝑃1
2) − 𝑏3(𝜖12 + 𝜖21)𝑃1𝑃2 +
𝑐1
2
(𝜖11
2 + 𝜖22
2 )
+ 𝑐2𝜖11𝜖22 +
𝑐3
2
(𝜖12
2 + 𝜖21
2 ) 
The coefficients 𝑏1, 𝑏2, 𝑏3 scales coupling between polarization and strain can be derived 
from fitting the spontaneous strain in ferroelectric material with respect to the cubic structure 
state. Parameters  𝑐1, 𝑐2, 𝑐3 are material elastic constant. 
Considering the time-dependent procedure, we take polarization 𝑃 as the primary order 
parameter, assuming the system evolution is related to gradient flow of polarization 𝑃 and the 
displacement field and electric field are in partial equilibrium with respect to immediate 
polarization field. Governing equations of the system are 
{
 
 
 
 𝜇?̇?𝑖 = (
𝜕𝑊𝑖
𝜕𝑃𝑖,𝑗
)
,𝑗
−
𝜕(𝑊𝑝 + 𝑊𝑠)
𝜕𝑃𝑖
− 𝜙,𝑖
𝑃𝑖,𝑖 − 𝜀0𝜙,𝑖 = 0
𝑋𝑖𝑗,𝑗 = 0
 
First equation regulates polarization flow and polarization distribution evolution, with 
reverse mobility 𝜇 > 0; second equation is the Maxwell’s equation coupling polarization and 
electric field together; third equation is the mechanical equilibrium equation, where 𝑋𝑖𝑗 =
𝜕𝑊 𝜕𝑥𝑖𝑗⁄  is the stress tensor. 
Dimensionless parameters are picked under normalization: 𝑃𝑖
′ = 𝑃𝑖/𝑃0, 𝑥𝑖
′ =
𝑥𝑖√𝑐0 𝜂⁄ /𝑃0, 𝜀0
′ = 𝜀0𝑐0/𝑃0
2, 𝑡′ = 𝑡𝑐0/𝜇𝑃0
2, 𝜙′ = 𝜙/√𝜂𝑐0, 𝑎1
′ = 𝑎1𝑃0
2/𝑐0, 𝑎2
′ = 𝑎2𝑃0
4/𝑐0, 𝑎3
′ =
𝑎3𝑃0
4/𝑐0, 𝑎4
′ = 𝑎4𝑃0
6/𝑐0, 𝑎5
′ = 𝑎5𝑃0
8/𝑐0, 𝑏𝑖
′ = 𝑏𝑖𝑃0
2/𝑐0, and 𝑐𝑖
′ = 𝑐𝑖/𝑐0. These constants are fit 
into data of single crystal barium titanium (BaTiO3) at room temperature, we choose reference 
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polarization as spontaneous saturation polarization 𝑃0 = 0.26 𝐶/𝑚
2, and pick constant 𝑐0 =
1𝐺𝑃𝑎.  The spontaneous polarization involves strain of -0.44% along a-axis and 0.65% along c-
axis are used to determine polarization-strain coefficients. And we choose domain boundary 
energy of 𝜂 = 3.7 × 10−9 𝑉𝑚3 𝐶⁄ , giving normalized boundary length =1 , a representative 
length of 0.5 nanometer in material. Based on the information above, the normalized 
parameters are chosen as following: 𝑎1
′ = −0.007, 𝑎2
′ = −0.009, 𝑎3
′ = 0.018, 𝑎4
′ = 0.0261, 
𝑎5
′ = 5, 𝑏1
′ = 1.4282, 𝑏2
′ = −0.185, 𝑏3
′ = 0.8066, 𝑐1
′ = 185, 𝑐2
′ = 111, and 𝑐3
′ = 74. With 
chosen parameters, normalized material Landau-Devonshire energy profile is plotted in the 
following figure: 
 
Figure 3-1    Landau-Devonshire potential energy plotted against polarization  𝑃1 and 
𝑃2, stress free. 
Polarization energy profile 𝑊𝑝 have the shape of 4 equal depth energy well at |𝑃𝑖| = 1, 
with energy barrier in between. This type of energy function gives 4th fold symmetry, allows 
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spontaneously polarization along 4 axis with normalized polarization 𝑃′ = (1,0), (−1,0), (0,1), 
(0, −1).  
3.2.2 Polycrystalline ferroelectric model 
From single crystal structure to polycrystalline ceramic, we need to consider two major 
additional issues: grain orientation and grain boundary. Simulation methodology to represent 
different grain orientation and grain boundary are discussed in this session. 
To study the orientation effect on polarization we multiply original polarization vector 
with rotation matrix: 𝑃𝑟 = 𝑅𝑃′. And the rotation matrix is defined as 𝑅 = [
𝑐𝑜𝑠𝜃
𝑠𝑖𝑛𝜃
 −𝑠𝑖𝑛𝜃
𝑐𝑜𝑠𝜃
], with 𝜃 
denoting the rotation angle. After rotation, the Landau-Devonshire potential energy profile is 
rotated accordingly, and easy axis for spontaneous polarization shift along. Following figure 
compares potential energy surface of titling angle 0° and 45°(note that with 4th-fold symmetry, 
45° rotation is the most different state from non-rotation state). 
 
Figure 3-2    Total potential energy with no external loading over polarization P1, P2. 
Left: grain orientation 0°, energy wells and easy axis exist along the x1, x2 axis; Right: grain 
orientation 45°, energy wells and easy axis is tilted 45° away from axis. 
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Between different orientated grains, grain boundary is define as a finite-width interface 
that consist of defects and corrosion. For ferroelectric material such as barium titanium, the 
composition and atoms on grain boundaries are the same as within grains, but grain boundary 
does not have ferroelectric behavior, hence we treat grain boundary as dielectric with electric 
and elastic constant same of background material. 
3.2.3 Phase-field model for brittle fracture in ferroelectric material 
Following the work of Abdollahi and Arias[8, 9], we choose to use a variational method 
to apply Griffith theory. Define a scalar field of integrity variable 𝑣 represents the broken/intact 
state of material (𝑣 = 1 when material is intact and 𝑣 = 0 when material is broken). Total 
potential energy of material occupies region Ω becomes the following form with terms coupling 
with 𝑣 field: 
𝐸(𝑢, 𝑣, 𝑃, 𝜙) = (𝑣2 + 𝜂𝜅)∫ 𝑊𝑑Ω
Ω
+ 𝐺𝑐 ∫ (
(1 − 𝑣)2
4𝜅
+ 𝜅|∇𝑣|2)𝑑Ω
Ω
− ∫ 𝑡 ∙ 𝑢
Γ𝑛,𝑢
𝑑𝑆
+ ∫ 𝜛𝜙
Γ𝑛,𝜙
𝑑𝑆 
Here the parameter 𝜅 is chosen as regulation for sharpness of 𝑣 field transition from 1 
to 0, and 𝜂𝜅 is a small number compares to 𝜅, acting as the residual stiffness after the material 
is broken, and can penalize singularity in the first term when 𝑣 = 0. As long as 𝜂𝜅 converges to 
zero faster than 𝜅, it is proven that this finite element discretization converges to sharp 
Griffith’s theory. Minimizer of the equation gives detailed local feature of both polarization and 
contact scalar field evolution. To create and observe the procedure of crack growing details, 
both polarization vector and contact field scalar are chosen as primary variables that evolve in 
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time with a relative mobility, other variables including electric field and displacement have 
instantaneous response in partial equilibrium with these two primary variables. Along the crack 
path 𝑣 = 0, indicates materials is broken, the coupling of 𝑣2 in front of ferroelectric potential 
energy reduces the stiffness to be close to zero. 
 
Figure 3-3    Normalized Landau energy plotted with respect to polarization along P2 
direction when P1 is 0. Solid line is the energy profile with virgin material (intact, 𝑣 = 1  ) and 
dashed line is the energy profile when material is broken (𝑣 = 0)[8]. 
 
3.3 Simulation results and discussion 
(1) First all the model are under test for validation: 
Single crystal ferroelectric model under cyclic electric loading: 
We built a 2D model with a rectangular shape of dimension 800×200 and apply 
sinusoidal electric field along the long edges. Initial spontaneous polarization is set to be 1 and 
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assigned with random direction, short side boundary subject to periodic condition. To make 
domain switching possible, we introduce 1% of defect to help nucleation of new domains, the 
defects serve as a bridge between energy wells and have shallower energy barrier in between. 
Defect have different constants: 𝑎1
′ = −0.001, 𝑎2
′ = 0.009, 𝑎3
′ = 0.0115, 𝑎4
′ = 0.0021, 𝑎5
′ =
0, but same elastic and coupling constants as main sample. The calculated hysteresis loop and 
butterfly loops are comparable to experimental data. 
 
Figure 3-4    Left: total potential energy plot of material and defects, the dashed line is 
for defects, noting it have a much shallower energy barrier between two energy wells. Right: P-
E hysteresis loop of sample under sinusoidal electric field loading, initial condition with random 
polarization. 
Grain orientation and boundary in ferroelectric material: 
To see the difference with varying grain orientation, 3-D model with dimension 8-8-4 
and free mechanical, electrical loading sample are tested by the group of Tong-Yi Zhang [19], 
with grain orientation of 0° and 45°, repectly. Polarization boundary condition is set to have 
zero normal value indication no residual charge boundary. This type of boundary condition 
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makes polarization distribution form a vortex due to balance between Landau energy and 
elastic/depolarizing energy. Noting that these two samples have similar vortex polarization 
structure, with a relative rotation of 45°. The difference comes from rotation of grain 
orientation and hence rotation of landau energy well position. Comparing Figure 3-5 (a) and (b), 
the polarization domain boundary coincide with energy barriers showed in Figure 3-2, showing 
as bumps between energy wells.  
 
Figure 3-5    Spontaneous polarization distribution for ferroelectric material with grain 
orientation of 0° (Left)and 45°(Right), boundary condition is stress free and open circuits. 
Arrows indicate polarization direction, color denoting value of polarization component P1[16].  
(2) Base on the proven models described before, a 2D sample with initial center crack is 
built to analysis the effect for grain orientation, grain boundary, and competition between 
crack growth and domain switching.  
Grain orientation effect analysis 
We constructed a 2D sample with side crack to investigate the role of grain orientation on 
growth of crack tip domain switching. The sample geometry is as in left of Figure 3-6, a 
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rectangle band of FE tri-grain sample, with the middle grain orientation coincide with global 
coordinates, and adjacent top and bottom grains have same tilted grain orientation of pi/32. 
The size of sample is 2000*1000, the middle grain have width of 1000 and side impermeable 
crack length is 200. The left and right side of sample are grounded and top and bottom 
boundaries are open circuit. Roller constrain is applied to both left and bottom sides to ensure 
sample stability. Initial condition of polarization is uniformed in saturation magnitude and 
aligned to horizontal direction to the left. Time-dependent study was performed to apply 
instantaneous 2% strain loading on top and bottom boundaries, and the loading was hold until 
polarization evolution reaches equilibrium state, as shown in Figure 3-6 middle, using the black 
arrows to indicate polarization direction in domains. As expected, dagger shape switched 
domain was formed at crack tip, but due to uneven stress form tilted neighboring grains, only 
one dagger was formed in 90 degree switching. Just like the single crystal non tilted sample, 
switched domain grow longer through whole FE sample. However, under close examination, we 
can see the slime domain grew thinner when it enters the tilted grain, and direction of 
polarization is slighted tilted into the favorable dipole direction of pi/32 degree. The weaken 
effect could be explained by local stress distribution in mismatch with tilted favorable direction 
and also the mismatch between vertical loading and grain orientation. This result also brought 
up an interested type of domain switching that is often overlooked in crack tip switching, the 
180 degrees switching along crack surface. Obviously the width of 180 degree switching zone is 
related to crack size and loading, or the width of dagger-shaped new 90 degree domain. If the 
180 degree switched zone is covered along crack wake, it could serve as strong shielding and 
potentially enhance material strength. To investigate the resistance behavior of both 180 
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degree and 90 degree new domain, we stopped the calculation at stage shown in middle 
picture of Figure 3-6, and use it as initial condition, manually opened crack for 100 normalized 
length, and restarted the calculation under same loading of 2% vertical strain. The result with 
longer crack is shown in Figure 3-6 Right, as expected longer crack gave larger stress 
concentration and in result created wider 90 degree dagger-shaped switched domain. And the 
180 degree switched domain grew along the new crack surface. Form this result we can 
conclude that 180 degree domain switch is proportional to crack length and 90 degree domain 
switching can be reduced by multigrain structure. 
 
Figure 3-6 Illustration of sample initial state, left; polarization field distribution with 2% 
strain controlled loading, middle; polarization field distribution with 2% strain controlled 
loading after manually crack opening of 100, right. The left figure is a scheme of boundary 
conditions of vertical strain loading and horizontally aligned initial polarization, the black 
dashed lines are position of grain separation, and red line indicates crack position and length. 
Polarization direction is denoted by black arrows in all three figures.  
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Grain boundary effect analysis 
Grain boundary is a finite slim region in material consists of same atoms but not able to 
be polarized along either side of grains. We use a linear dielectric materials with background 
dielectric constant and same mechanical coefficients with FE material to describe grain 
boundary materials. To validate this setting in FE, a 2000*2000 sample with thick band of grain 
boundary of width 500 is put to test, with left and right side grounded, and initial polarization 
uniformly aligned to the left, FE material would stay in initial state, but grain boundary cannot 
have large polarization value as in FE state, hence the grain boundary region polarization would 
decrease, as shown in figure 3-7 left. The Black arrows are polarization direction and green 
region is the grain boundary, meaning the polarization in grain boundary is very small 
compared to saturation polarization. Crack tip mechanically induced dagger-shape switching 
domain is compared at the moment when they grow into neighboring grain, with and without 
existence of grain boundary matter. The middle figure in 3-7 shows results with zero width of 
grain boundary, the switched grain grow in to second grain with smooth nucleation, while the 
right figure shows strong stopping effect of switched domain penetration with thin grain 
boundary of width only 10. After more time with stable mechanical loading, switched domain in 
both sample would grow into compiled grains, but obvious delay is show with existence of finite 
width grain boundary. It is easy to infer and prove that with wider or multiple grain boundaries, 
strong blocking effect could even permanently stop the growth of switched domain. 
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Figure 3-7 left: relaxed polarization distribution in a sample with wide grain boundary, 
the black arrows are polarization vector. Middle and Right: tri-grain sample polarization 
distribution at the instance when dagger-shape switched domain reaches grain boundary with 
of zero width (middle), and grain boundary of width 10 (Right). Both samples with center grain 
titled to pi/16 degree while top and bottom grain are not tilted. Mechanical loading of vertical 
2% strain is applied onto sample with initial polarization uniformly aligned pointing to the left, 
in saturation state. 
Consideration of the coexisting effect from grain boundary and orientation mismatch 
A tri-grain model was built to investigate crack tip domain switching with the existence 
of both grain boundaries and orientation mismatch. The sample design is as in Figure 3-6, 
rectangular dimension of 2000× 2000, and 3 grains are simulated, with top and bottom grain 
orientation aligns with global coordinates, and middle grain with a titles orientation of 𝜃2. 
Center grain width is 980, and along the boundary of center grain, dielectric grain boundary as 
described before of width 10 is constructed.  Crack locates in the center of sample, with length 
of 600, have constant constrain of 𝑣 = 0. Left and right side of sample are electrically periodic, 
and roller condition is applied on bottom and side to stabilize material. Mechanical loading (if 
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any) is applied on top and bottom surface, displacement controlled with same amount (0~2%) 
of opposite direction, as the initiation for domain switching. 
  
Figure 3-6    Illustration of computational sample setting and boundary condition, initial 
polarization is horizontal (P1=1, P2=0), along the crack length. 
To study the combined effect of grain boundaries and grain orientation on stationary 
pre-existing crack tip domain switch, we use the phase-field model introduced previously and 
set the crack mobility to be zero, hence no crack growing and we hold a stable crack. The top 
and bottom grains are fixed at orientation of 0°, we calculated three samples with center grain 
orientation of 11.25° (𝜋/16), 22.5° (𝜋/8), and 45° ( 𝜋/4), noting that with this ferroelectric 
model of fourth-fold symmetry, 45° tilting is the largest mismatch in orientation. Pervious 
research have shown that in single crystal ferroelectric material, tension perpendicular to crack 
length direction would introduce symmetric wings, or dagger-shape switched domain formation 
right at the tip of stationary crack. With mismatch in grain orientation, now the spontaneously 
favored polarization direction is not along or perpendicular to crack length, but tilted. When no 
mechanical loading is applied, initial polarization can stay in the prescribed horizontal direction 
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everywhere if the angle mismatch is small (11.25°), there is internal stress in the center grain, 
but not enough to initiate domain switching. Given time to relax, center grain with larger angle 
mismatch of 22.5° would have a small polarization deviation from initial horizontal direction, 
however still being in the same direction (Following Zhang and Bhattacharya’s, we consider P2 
larger that 0.2 as switched to P2 direction). Only at the crack tip there is enough local stress to 
form anti-symmetric band-shape switched domain, noting that these bands occur along the 2 
out of 4 favorable polarization directions of center grain. These 2 directions are the tilted 
favored poling direction that are closer to stress concentration area. Just like spontaneous 
domains, these switched domain always follows the rule that polarization connecting heads to 
tails into a vortex due to depolarization energy. The sample with largest orientation mismatch 
of 45° spontaneously switches the center grain without presence of any external loading, all 
areas in this domain is tilted to favorable polarization directions, that is 45° from global 
coordinate. We can generalize a conclusion that in ferroelectric ceramic would have a smaller 
spontaneous or saturation polarization than single crystal ferroelectrics because each grain 
would favor to polarize along its grain orientation coordinates, and macroscopic polarization 
value is an average of measuring direction component of all domains polarization vector. This 
conclusion is consistent with general accepted theory and observation. 
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Figure 3-7    Grain orientation effect of switched domain growth. Crack position is 
indicated in figure (a) with double arrow, the position and length of crack remain same for all 6 
calculations. Center grain between thick black lines is tilted to 11.25° (a, d), 22.5° (b, e), 
and 45° ( c, f). Top three (a, b, c) surface plot are polarization distribution after reasonable relax 
time with no external loading. Bottom three (d, e, f) are surface plot of polarization distribution 
after 2% displacement applied on top and bottom boundaries. Color in figure indicates value of 
P2 component, red and blue are ~1, meaning switched to upward and downward domains, and 
green ~0 indicate horizontally polarized region, i.e. non-switched zone. 
We applied 2% of displacement loading on top and bottom boundaries of all three 
samples and relax for long enough time for polarization distribution to stabilize. Quite different 
results are observed in Figure 3-7 –d, -e, -f than the symmetric double dagger-shaped switching 
zone of single crystal. Smaller angle difference sample shows obvious asymmetry in switched 
domains. Figure 3-7-d shows the stable domain structure of smaller angle mismatched sample, 
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from frame to frame observation of earlier time-steps, the growth of ‘daggers’ are resisted and 
stuck for some time when they reach the grain boundary, and after stopping at the edge, the 
switched wings grow notably slimmer into non-tilted top and bottom grains. Under close 
examination, the red zone in center grain is polarized to a tilted favorable angle, about 11.25° 
from true vertical direction. We believe this angle difference is the reason for difficulty to 
nucleation in next grain, and when the switched zone penetrates through the top and bottom 
grains, the thinner wings are actually polarized to true vertical direction again. This blocking 
effect of grain orientation difference is even more prominent with larger tilting angle. In Figure 
3-7-e (22.5°), we can see larger angle difference introduce more stress that domain switch 
occurs even without external loading. These two switched zone started with similar dagger 
shape as in Figure 3-7-d, but come to a sudden stop at grain boundary to form this startling 
tetragonal shaped bands. Following 2% mechanical loading test helped with growth of switched 
domain but the switched zone never grow past to adjacent non-titling (top and bottom) grains. 
It appears that the blocking effect for domain switching to grow into a second grain with 
difference orientation is so strong that it can only release mechanical loading by switching 
further areas in same grain. The sample with center tilting of 45° have spontaneous domain 
switch everywhere but both test results suggest that there is strong blocking effect in top and 
bottom grains with such big angle mismatch and it is very hard to introduce domain switching 
by vertical strain loading. 
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Implement of grain boundary into a mobile crack model 
With conclusion that both grain orientation and grain boundary can have some blocking 
effect on elongation of slim switching zone, active mobile crack field is added to existing model 
to study what influence could these blocking effect have during crack growth. We choose the 
same geometry as in Figure 3-8-Left, with two grain boundaries of width 10, center grain have 
orientation 11.25° from global coordinates, top and bottom grains are non-tilted. Initial crack 
length is 40 in center, and initial polarization is horizontal (𝑃1 = −1, 𝑃2 = 0). In this model both 
polarization vector 𝑃 and contact scalar 𝑣 are chosen as primary variables and a mobility for 
crack growth is chosen. The evolution governing equation is related to gradient flow of two 
primary variables: 
𝜇𝑃 ∫ ?̇?𝑖𝛿𝑃𝑖𝑑Ω
Ω
= −𝛿𝐸[𝑢, 𝑣, 𝑃, 𝜙; 𝛿𝑃𝑖] 
𝜇𝑣 ∫ ?̇?𝑖𝛿𝑃𝑖𝑑Ω
Ω
= −𝛿𝐸[𝑢, 𝑣, 𝑃, 𝜙; 𝛿𝑣𝑖] 
Obviously the evolution of polarization domain and crack growth will be greatly 
dependent on ration of their mobility 𝜇𝑃 and 𝜇𝑣. A representative simulation of 𝜇𝑃: 𝜇𝑣 =
1: 100 , with strain controlled loading of 1.6%, have results shown in figure 9. 
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Figure 3-9    representative results of crack growth (a,b) and same time polarization 
distribution (A, B) for the same calculation at different time step. Left two (a, A) are showing an 
early stage of evolution, and right two (b, B) are for a later time step. Top figures (a,b) are field 
of contact variable, red means contact and wiggly blue line in middle indicate cracked surface. 
Bottom two (A, B) are plotting field of vertical polarization component 𝑃2, green parts are 
horizontally polarized, have 𝑃2 = 0, blue and red are switched to 𝑃2 zone, either up and down. 
Polarization distribution in Figure 3-9-A, B shows similar results as in stationary crack 
calculation, with asymmetric two dagger-shaped switched zone grow in to grain boundary, and 
bouncing around grain boundary. Double dagger-shape switched zone in Figure 3-9-A grow 
wider as crack propagates, with outer side of switched zone contact to crack tip. This process is 
seemingly slow and figure 3-9-a,A shows a long semi-equilibrium stage. This semi-equilibrium 
stage can actually be stable if smaller strain loading is given. With current strain loading of 
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1.6%, the wider double dagger switched zone with coupling transformation strain creates 
sufficient shear stress to lead crack propagates direction to deviate from original horizontal 
direction, as seen in Figure 3-9-b.  
Separate study of grain orientation effect and grain boundary effect shows that both 
can be used as blocking method for switched domain to penetrate. Grain orientation difference 
obstruct switching zone because orientation determines favorable poled direction and 
nucleation of tilted direction acquire more driven force on tilted angle. Grain boundary is not 
ferroelectric and will tend to reflect and bounce slim switching zone around boundary, wide 
boundaries can even completely stop the penetration of slim switching zone. The inference is 
that in ferroelectric ceramic, multiple layers of neighboring grains and grain boundaries could 
have stronger blocking effect for crack tip double dagger-shape switched zone, and could 
eventually stop the switched zone to penetrate through entire ceramic, hence ‘localize’ domain 
switching within the area close to crack tip where higher field concentration exists. Mobile 
crack simulation supports localization conclusion and it is notable that local polarization switch 
can affect crack growth direction by polarization coupled plastic strain. 
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Chapter 4  PHASE-FIELD SIMULATION OF ANTIFERROELECTRIC MATERIAL 
UNDER MULTIPHYSICS LOADING  
4.1 Model and validation  
To simulation the behavior of antiferroelectric (AFE) materials and investigate the 
mechanism of AFE response under multiphysics loading, we developed a phase-field model on 
the basis of ferroelectric (FE) model described in Chapter 3. To differentiate the AFE phase and 
FE phase, we adopted the two-lattice model theory[21], first introduced by Kittel as a 
phenomenological description for antiferroelectricity, to separate adjacent unit lattices into 
two sub-groups with separately counted polarization 𝑃𝑎 and 𝑃𝑏. The ferroelectric polarization 𝑃 
and antiferroelectric polarization ?̅? are defined by 𝑃𝑎 and 𝑃𝑏: 𝑃 = (𝑃𝑎 + 𝑃𝑏)/√2 , ?̅? = (𝑃𝑎 −
𝑃𝑏)/√2. Both polarizations are chosen as primary order variables and can evolve with time, 
mobility of each process is defined separately, related to polarization gradient flow. Similar to 
our ferroelectric model, time-dependent governing equations are as below: 
{
 
 
 
 𝜇?̇?𝑖 = (
𝜕𝑈
𝜕𝑃𝑖,𝑗
)
,𝑗
−
𝜕𝑊
𝜕𝑃𝑖
− 𝜙,𝑖
𝜇?̇̅?𝑖 = (
𝜕𝑈
𝜕?̅?𝑖,𝑗
)
,𝑗
−
𝜕𝑊
𝜕?̅?𝑖
 
Here 𝜇 > 0 is the reverse mobility, 𝜙  is the electric potential, and repeated indices 
indicates summation over dimensions and an overdot denotes derivative over time. 
Total potential energy have a similar from as in ferroelectric model:  
𝑊 = 𝑊𝑖 + 𝑊𝑝 + 𝑊𝑠 −
𝜀0
2
|𝐸|2 − 𝐸 ∙ 𝑃 
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Here 𝑊𝑖 is still the interface energy, now related to gradient of both AFE and FE 
polarization 𝑃 and ?̅?: 
𝑊𝑖 =
𝜂
2
(𝛻𝑃2 + 𝛻?̅?2) 
The Landau-Devonshire energy 𝑊𝑝 is also dependent on both polarizations (𝑃 and ?̅?), as 
suggested by Kittle, we take the polynomial expression with terms up to the 6th order of 
polarization: 
𝑊𝑝 = 𝐴𝑃2 + 𝐵?̅?2 + 𝐶(𝑃4 + ?̅?4 + 6𝑃2?̅?2) 
Where 𝑃2 = 𝑃𝑖𝑃𝑖 and ?̅?
2 = ?̅?𝑖?̅?𝑖, are square of polarization magnitudes. 
Polarization and mechanical coupling energy is combined with elastic energy in 𝑊𝑠: 
𝑊𝑠 =
𝜆
2
(𝑥𝑘𝑘 − 𝑥𝑘𝑘
0 )2 + 𝐺(𝑥𝑖𝑗 − 𝑥𝑖𝑗
0 )(𝑥𝑖𝑗 − 𝑥𝑖𝑗
0 ) 
Where 𝜆 and 𝐺 are material 𝐿𝑎𝑚?́? constant, 𝑥 is the strain vector and 𝑥0 is the inelastic 
strain caused by polarization with the following form: 
𝑥𝑖𝑗
0 = 𝛼𝑃𝑖𝑃𝑗 + 𝛽(?̅?𝑖?̅?𝑗 − ?̅?𝑖
0?̅?𝑗
0) + 𝛾𝑃2𝛿𝑖𝑗 
?̅?0 denotes the initial antiferro-polarization of reference starting state, an initial state 
we take with fully relaxed polarization distribution and inner stress-free. 𝛼, 𝛽, 𝛾 are constants 
taken from material property. 
Noting the alignment of lattice in AFE defines the possible direction both ferroelectric 
and antiferroelectric polarization. It is known that pre-poled AFE would hold the poled texture 
in its FE state, so 𝑃 and ?̅? are not independent in terms of direction. To retain the direction 
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dependency of 𝑷 and ?̅?, we chose three primary variables instead of four to describe 
polarizations in 2D sample. We define magnitude of ferroelectric and antiferroelectric 
polarizations as scalar P and ?̅?, and the third variable θ to be the direction of both polarizations. 
This kind of definition gave extra constrain to polarization direction, and we still write our 
equations in terms of 𝑃1, 𝑃2, ?̅?1, ?̅?2, with expression: 
{  
𝑝1 = 𝑃𝑐𝑜𝑠𝜃, 𝑝2 = 𝑃𝑠𝑖𝑛𝜃
?̅?1 = ?̅?𝑐𝑜𝑠𝜃, ?̅?2 = ?̅?𝑠𝑖𝑛𝜃
 
Substitute these newly defined p1, p2, pbar1, pbar2 and stress into energy functions 
𝑊𝑖,𝑊𝑐,𝑊𝑒 ,𝑊𝑝. 
In evolution function, we still use gradient flow as driving force for evolution 
−𝜇 (𝑝1̇𝛿𝑝1 + 𝑝2̇𝛿𝑝2 + 𝑝1̅̅̅̇̅ 𝛿𝑝1̅̅̅̅ + 𝑝2̅̅̅̇̅ 𝛿𝑝2̅̅̅̅ ) = 𝛿Π 
And the time dependent variables are also expressed in the time dependent terms of 
three pick variables: ?̇?, ?̇̅?, ?̇? by substitute 
𝑝1̇ = ?̇?𝑐𝑜𝑠𝜃 − 𝑃𝑠𝑖𝑛𝜃?̇? 
𝑝2̇ = ?̇?𝑠𝑖𝑛𝜃 + 𝑃𝑐𝑜𝑠𝜃?̇? 
𝑝1̅̅̅̇̅ = ?̇̅?𝑐𝑜𝑠𝜃 − ?̅?𝑠𝑖𝑛𝜃?̇? 
𝑝2̅̅̅̇̅ = ?̇̅?𝑠𝑖𝑛𝜃 + ?̅?𝑐𝑜𝑠𝜃?̇? 
With polarization chosen as primary variable, the displacement and electric fields 
variables are assumed to be in partial equilibrium accordingly: 
{
𝑃𝑖,𝑖 − 𝜀0𝜙,𝑖 = 0
𝑋𝑖𝑗,𝑗 = 0
 
Here 𝑋𝑖𝑗 is the component of stress tensor and can be derived by 𝑋𝑖𝑗 = 𝜕𝑊 𝜕𝑥𝑖𝑗⁄ . 
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For a typical AFE material we are interested in, material data are chosen from the PNZST 
43/6.0/2, the material constants are derived from material property: 𝐴 = −0.6 𝑘𝑉 𝑐𝑚/𝜇𝐶 , 
𝐵 = −1.2 𝑘𝑉 𝑐𝑚/𝜇𝐶, 𝐶 = 5 × 10−4𝑘𝑉 𝑐𝑚5/𝜇𝐶3, 𝛼 = 3.8 × 10−7𝑐𝑚4/𝜇𝐶2, 𝛽 = −7.1 ×
10−7𝑐𝑚4/𝜇𝐶2, 𝛾 = 9.3 × 10−7𝑐𝑚4/𝜇𝐶2. Domain boundary energy scaling factor 𝜂 is chosen 
as a small enough number 𝜂 = 10−6 𝑘𝑉 𝑐𝑚3/𝜇𝐶 to prevent sharp boundary, correspond to a 
real domain boundary of around 100𝜇𝑚, much larger than realistic number but does not affect 
our calculation results. Another parameter in this model is reverse mobility 𝜇 of polarization 
evolution, we pick 𝜇 = 10−3 𝑘𝑉 𝑐𝑚 𝜇𝐶⁄ 𝑠 so that the polarization evolution is much faster than 
our loading process and can be considered as quasi-equilibrium. 
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Figure 4-1    P-E double hysteresis curves (bottom) under axial compression and Strain-
Electric field curves (top). Experimental result on the left column [24] and simulation result on 
the right. 
Validation of the model and parameter choosing is done by calculating the P-E curve and 
strain-E curve under cyclic loading of a 2-D model of size 200×200. Computational results of 
strain- E butterfly shape loops are on the top right of Figure 4-1, compared with top left plot of 
experimental results. The P-E double hysteresis loops under various radial compression are 
plotted in the bottom two figures. Figure 4-1 shows our simulations have quantatively agreeing 
results with experimental data: successfully reproduced the butterfly curve and hysteresis 
loops, and also the P-E double hysteresis have smaller saturation polarization and larger 
coercive field as compression stress increases. The simulation results have steeper polarization 
jump because of single crystal model with no impurity and boundary smoothing effect as in 
ceramics. With help of this model two topic are studied in this thesis: self-confining effect in 
AFE material and texture alignment in virgin AFE due to AFE-FE transformation. 
4.2 Model and discussion of self-confining effect 
To study the stress effect for energy storage ability of antiferroelectric material PNZST 
43/6.0/2, a series of experiments were conducted and notable difference between regular and 
self-confined specimen was observes by Young and Tan. To validate and further examine the 
mechanism of self-confining effect, we built a sample using our AFE phase field model as 
described in section 4.1 to reproduce the self-confining test: 
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Figure 4-2    Illustration of full area charged sample (1.0A, left) and self-confinement 
sample (0.5A, right). Orange indicates electrode covered area. 
Regular tested sample have electrode covered on both top and bottom surfaces of 
pallet 100% hence electric field is applied throughout the pallet evenly, while self-confined test 
is carried out with a same pallet but only the center half of pallet side is coated with conductive 
spray, only allowing electric field to penetrate through this coated center half of material. From 
existing researches we know for a fact that AFE-FE phase transformation is accompanied with 
volumetric expansion so that when electric field is applied through conducting area, the 
transformed middle portion would undergo AFE-FE transformation and have volume expansion. 
This expanded FE middle section would experience radial compression from the unelectroded 
and hence AFE phase outer rim, result in the self-confinement condition. The results from self-
confined loading could be inferred from measurements in earlier study showing that 
compression stress would increase critical fields and lower saturation polarization value in FE 
state. And as expected, higher polarization, critical field was captured in experimental results, 
giving superior energy storage ability by increase in both energy density and power density. 
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Figure 4-3    Schematic of the axisymmetric computational model and the distribution of 
the ferroelectric defects.  The axis of symmetry is located at the left boundary. The electrode 
contact are shown in pattern layer are for the 50% coverage case. 
To better remodel the self-confinement sample geometry, we used an axisymmetric 
model with slice side measuring 5𝑚𝑚 × 1𝑚𝑚, and chose left short side of this slice to be the 
symmetric axis so that rectangle revolves around the axis to make a disk shape 3D sample of 
radius 5𝑚𝑚 with thickness 1𝑚𝑚. Small fraction (1.5% in total volume) of FE defects are 
implanted to initiate switching, the defects have lower energy profile for phase transition but 
same saturation polarization in ferroelectric phase. The density of defect is higher at the outer 
rim of sample due to the fact that the high temperature during synthesis process would lead to 
lead-loss on the edge and lead deficiency lowers the critical field in the composition. The 
defects have materials parameters of = −0.8 𝑘𝑉 𝑐𝑚/𝜇𝐶 , 𝐵 = −0.8 𝑘𝑉 𝑐𝑚/𝜇𝐶, 𝐶 = 6.2 ×
10−4𝑘𝑉 𝑐𝑚5/𝜇𝐶3, other parameters remain the same from bulk material.  
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Figure 4-4    Left: experimental data of P-E curve under 25°𝐶 and 75°𝐶 with and without 
self-confinement. [31] Right: simulation result of AFE P-E curve with and without self-
confinement, showing averaged data over 10 cycles. 
From experimental result, self-confined sample shows larger coercive field on AFE-FE 
transition and slightly higher saturation polarization after fully transformed (indicated by red 
arrow in Figure 4-4). A Difference between regular and self-confined samples as expected. This 
change of hysteresis in confined region gives an increase in energy density, maximum of 
1.3J/cm3 and efficiency of 0.88 in bulk material. These trends are quantatively recovered in 
simulation curves as plotted in Figure 4-4 Right. Simulation result is an average from 10 
sinusoidal electric field loading, to cancel out the stochastic behavior and approximate for 
polycrystalline behavior. 
Theory for the effect of self-confinement is presented by Young and Tan, and with 
detailed analysis of simulation result, we can reveal the mechanism of these effects and find 
proof for existing theory. Firstly it is concluded that larger saturation polarization in self-
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confined sample comes from the fringe effect. The electrode edge creates concentration of 
electric potential, and as shown in Figure 4-5, transformed region bulges into surrounding 
material suggests there is larger portion of material transformed in to FE state than 50%. 
Generally we calculate polarization by divide surface charge with half of the area, this method 
would give a higher nominal polarization value than the real density. Secondly, the larger 
coercive field is found to be a result from compression stress acted on center part due to 
restriction of outer rim with constant inner opening while inner portion undergoes phase 
transition and have volumetric expansion. From calculation results shown in Figure 4-6, the 
center material is under bi-axial compressive stress of about 30MPa when fully polarized. Since 
previous study shows bi-axial compression would lead to larger coercive field for AFE-FE 
transformation, the existence of stress field supports the theory of self-confinement as reason 
for larger coercive field. The larger coercive field may also rise from the fact that center portion 
of material have fewer defects and hence is harder to nucleate new FE domain. Another 
prominent effect comes from uneven defects is the steeper transition curve of confined 
portion, or faster transition in center part, as the resemblance show in pure single crystal. 
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Figure 4-5    Slice view of polarization distribution of self-confined sample with 
maximum electric field loading. Arrows indicate polarization direction. Blue region is in FE state 
and red region is in AFE state. 
Figure 4-6    Slice view of radial and hoop stress field of self-confined sample with 
maximum electric field loading. 
4.3 Model and discussion of electric field induce alignment of AFE ceramic texture 
To study the transformation between AFE and FE, general approach of handling material 
is to pre-pole the material along interested direction, and the same directional loading 
afterwards gave reversible hysteresis loop of P-E and strain-E curves. But before pre-poling, if a 
virgin AFE material is prepared from cooling from its paraelectric state, the orientation of grains 
inside are random, and the first loading to get the material ‘aligned’ to that poled direction 
would show different shaped P-E relation curve and leaves residual strain. This process is 
analogous to texture process in metallurgy science, where higher texture level means better 
alignment of easy axis in all lattice. Afterwards cyclic electric loading along the same direction 
would be compliment with fully recoverable butterfly-shape strain-E relation. Such non-
reversible initial loading strain is first explained to be associated with grain alignment in the 
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theory of Pak[27] and X.Tan[28], that reorientation is involved during phase transition so that 
the form of random and aligned crystal exist for both FE and AFE, external loading is the driving 
force for orientation rotation. 
 
Figure 4-7   Hysteresis loop of Strain-E curves of a typical virgin AFE material PNZST 
43/6.0/2 on the first loop electric loading, x11 is the transverse direction strain and x33 is the 
longitudinal strain. The loading is sinusoidal starting from zero electric field and increases first. 
Noting that transvers strain x11 have an obvious decrease at electric field =0 after the full first 
cycle[28].  
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Figure 4-8    Pak’s theory of AFE-FE transformation cycle. Starting from (a) random AFE, 
when external electric field is applied, the material first get lattice reorientation to form (b) 
orientated AFE; and with lattices fully orientated to similar direction, larger electric field is 
capable of introduce the AFE-FE phase transformation, turning material in to oriented FE(c), 
accompanied with directional strain. From (c) oriented FF to (d) poled FE, electric field that 
exceeds coercive field is required and this process is coupled with volume strain. The poled FE 
can then be release back to oriented AFE when external field is released and reverse the 
coupling strain gained from (b) to (d)[29]. 
There are doubts and uncertainty about Pak’s theory but we can agree with several 
points according to experimental results: Firstly, there are one or more steps from random AFE 
to transform into poled FE, and some or all of these steps are coupled with inelastic strain. 
Secondly, starting from random/virgin AFE the electric field induced transformation strain 
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cannot be fully recovered by releasing the external field. Releasing external load could only 
leave the material back to a middle stage of oriented AFE, and only heat treatment could reset 
oriented AFE back to random AFE state. Comparing with the theory the first loop irreversible 
strain can be explained as a strain difference between random AFE state and oriented AFE 
state. Theory from Tan’s group agree with the orientation effect during phase transformation 
and have a clearer definition for the four states that the material might be in: random AFE 
state, aligned AFE state, random FE, and aligned FE. By phase transition or switching, the 
material can change one parameter in a step between either AFE/FE, or aligned/random. And 
the transition from random to aligned is usually coupled with phase transformation of AFE to 
FE, the irreversible strain on first loading cycle could be a perfect example for the existence of 
random AFE and aligned AFE, since the only memory factor at the beginning and end of 1st cycle 
loading is lattice orientation and a residual strain is observed, we can infer that the process of 
reorientation of AFE is also coupled with strain. 
 
Figure 4-9    Four states of AFE/FE ceramics and their transformation directions.[30] 
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To fully study and validate the aligned/random theory, we use our phase field model 
and add a variable of alignment vector 𝝃 into existing equations. The magnitude of alignment 
vector ranges from 0~1, with 0 meaning absolutely random and 1 indicates fully aligned. The 
direction of alignment vector indicates the favorable polarization direction, for both 
ferroelectric and antiferroelectric polarization, if the loading is parallel to alignment direction, 
higher polarization is possible to achieve under certain external field, and mismatch of direction 
lowers the polarization value, the strength of this directional effect is determined by magnitude 
of 𝝃. Based on these assumption we rewrote the potential energy equation, noting that with 
lattice alignment in consideration, the material is on the level of polycrystalline structure and 
Landau-Devonshire energy profile should be homogeneous. Starting with FE model with fewer 
independent variables, we have a total potential energy that still takes the form of summation 
of interface energy, polarization Landau-Devonshire energy, mechanical energy and electric 
potential energy: 
𝑊 = 𝑊𝑖 + 𝑊𝑝 + 𝑊𝑠 −
𝜀0
2
|𝐸|2 − 𝐸 ∙ 𝑃 
Here the interface energy and electric potential energy are the same with single crystal 
model. We rewrite the polarization energy in to a homogeneous form coupled with alignment 
variable 𝝃. 
𝑊𝑝(?⃑? , 𝜉 ) = −
1
2
(𝑎1𝑃𝑖𝑃𝑖 + 𝑎2𝑃𝑖𝜉𝑖𝑃𝑗𝜉𝑗 + 𝑎3𝑃𝑖𝑃𝑖𝜉𝑗𝜉𝑗) +
1
4
(𝑏1𝑃𝑖𝑃𝑖𝑃𝑗𝑃𝑗 + 𝑏2(𝑃𝑖𝜉𝑖)
4
+ 𝑏3(𝑃𝑖𝑃𝑖)
2(𝜉𝑗𝜉𝑗)
2) 
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For 𝑎1 = 0.008, 𝑎2 = 0.015, 𝑎3 = 0.001; 𝑏1 = 0.008, 𝑏2 = 0.001, 𝑏3 = 0.005. This 
energy profile along 𝑃1 = 0 is plotted in Figure 4-10-a, thick blue curve is P2-W relation when 
𝝃 = 𝟎, the sample is in pure random state, energy profile stays the same in every direction and 
always have equilibrium state (energy well) at |𝑃| = 1. The cyan curves are when 𝝃 = 𝟏, 
dashed line and solid line describes P-W relationship at direction parallel and perpendicular to 𝝃 
direction, respectively. These curves means that when there is no alignment and 𝝃 = 𝟎, 
material ferroelectric property is homogeneous, at every direction |𝑃| = 1 is the stable state. 
When material is aligned to a certain direction, the same direction favors slightly larger 
polarization magnitude (~1.3) and perpendicular direction is less stable and have energy well at 
smaller polarization value (~0.8). The 3D energy plot of W-P1,P2 under random or aligned 
condition are also given in Figure 4-10-b,c. Random state (b) have no preferred polarization 
direction, and aligned state (c) reduce to 2 energy wells along the aligned direction. 
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Figure 4-10    (a): Wp-P2 curve when P1=0, blue curve is when ξ=0, and cyran 
dashed/solid curves are under ξ=1, parallel/perpendicular to ξ direction respectively. (b) and (c) 
are 3D Potential energy Wp profile with respect to polarization P1 and P2. (b) is when ξ=0, 
totally random and (c) is when ξ=1, along the (1,1)direction. 
The mechanical energy term have the form: 
𝑊𝑠 =
𝜆
2
(𝑥𝑘𝑘 − 𝑥𝑘𝑘
0 )2 + 𝐺(𝑥𝑖𝑗 − 𝑥𝑖𝑗
0 )(𝑥𝑖𝑗 − 𝑥𝑖𝑗
0 ) 
Where 𝜆 and 𝐺 are material 𝐿𝑎𝑚?́? constant, 𝑥 is the strain vector and 𝑥0 is the inelastic 
strain caused by polarization with the following form: 
𝑥𝑖𝑗
0 = 𝛼1𝑃𝑖𝑃𝑗 + 𝛼2𝑃
2𝛿𝑖𝑗 + 𝛼3𝜉𝑖𝜉𝑗 + 𝛼4𝜉
2𝛿𝑖𝑗 
Here constants 𝛼1and 𝛼2 are determined by regular strain-E curves and 𝛼3, 𝛼4 are 
determined by residual strain between aligned FE and random FE. 
In our energy function of Wp(P,ξ), alignment vector ξ  is all in 2nd order terms, to 
constrain value of ξ positive and in the range of 0~1, we introduce additional confining energy 
𝑊𝜉 for ξ, with energy well in [0,1] and equilibrium state resting on ξ=0,1. Meaning that ξ is 
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allowed to vary between 0 and 1, where total random (ξ=0) and pure aligned (ξ=1) states are 
most stable. Certain energy consumption is needed to transform between random and aligned 
states. 
𝑊𝜉 = −
3
16
(𝜉 − 0.5)2 + (𝜉 − 0.5)6 
To simulate the detailed procedure of alignment evolution, we choose both polarization 
and alignment as primary order variables, their evolution is with respect to gradient flow and 
prescribed mobility. Electric field and mechanical field are in partial equilibrium with respect to 
instantaneous polarization and alignment fields. 
{
  
 
  
 𝜇𝑝?̇?𝑖 = (
𝜕𝑈
𝜕𝑃𝑖,𝑗
)
,𝑗
−
𝜕𝑊
𝜕𝑃𝑖
− 𝜙,𝑖
𝜇𝜉?̇?𝑖 = −
𝜕𝑊
𝜕𝜉𝑖
𝑃𝑖,𝑖 − 𝜀0𝜙,𝑖 = 0
𝑋𝑖𝑗,𝑗 = 0
 
Test this model under cyclic electric field loading and mechanical field, we get P-E 
hysteresis curve in figure 4-11:  
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Figure 4-11    P-E curve of alignment included model under cyclic electric field, stress-
free state; and cyclic electric field with tensile stress applied on the same direction. 
After the material is poled to saturation polarization for the first time, alignment 
variable ξ approaches to 1 everywhere and points to poled direction, giving the saturation 
polarization in plot larger than 1. Also, we noted that the evolution of alignment is time 
dependent and at the very beginning of FE switching, the first coercive point have slightly lower 
polarization as indicated by a blue arrow in the plot infers that material is partial aligned. If 
mobility of  ξ is chosen to be small enough, more than one cycle of loading is needed to reach 
fully alignment state and steady increment in saturation polarization is observed during the 
starting several loops.  
In the same approach we developed an AFE model with time-dependent alignment 
variable fields. Since ferroelectric polarization and antiferroelectric polarization have same 
direction in our model and AFE phase is non-piezoelectric. We only consider the direction link 
between ferroelectric polarization P and alignment variable ξ, and assuming that alignment 
favors poled FE state. Under such terms, the Landau-Devonshire style polarization potential 
energy takes the form: 
𝑊𝑝(𝑃, ?̅?, 𝜉) = 𝐴𝑃
2 + 𝐵?̅?2 + 𝐶(𝑃4 + ?̅?4 + 6𝑃2?̅?2)
+
1
2
(𝑎1(𝑃1𝜉1 + 𝑃2𝜉2)
2 + 𝑎2(𝑃1
2 + 𝑃2
2)(𝜉1
2 + 𝜉2
1)) +
1
4
(𝑏1(𝑃1𝜉1 + 𝑃2𝜉2)
4
+ 𝑏2(𝑃1
2 + 𝑃2
2)2(𝜉1
2 + 𝜉2
2)2) 
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The coupling mechanical energy takes similar form of 𝑊𝑠 =
𝜆
2
(𝑥𝑘𝑘 − 𝑥𝑘𝑘
0 )2 + 𝐺(𝑥𝑖𝑗 −
𝑥𝑖𝑗
0 )(𝑥𝑖𝑗 − 𝑥𝑖𝑗
0 ) with the inelastic strain now a function of both polarizations and alignment: 
𝑥𝑖𝑗
0 = 𝛼1𝑃𝑖𝑃𝑗 + 𝛼2𝑃
2𝛿𝑖𝑗 + 𝛼3𝜉𝑖𝜉𝑗 + 𝛼4𝜉
2𝛿𝑖𝑗. Normalize the parameters with a scaling factor of 
reference polarization 𝑃0 = 20 𝜇𝐶/𝑐𝑚
2, and 𝑐0 = 1𝐺𝑃𝑎. Parameters are: A= 1.60565, B= -
5.35217, C= 1.6722554, 𝑎1= -2.2, 𝑎2=-2.5, 𝑏1=-0.2, 𝑏2=2.3, 𝛼1=2.375e-4, 𝛼2= 5.8125e-4, 
𝛼3=0.0002, and 𝛼4= -0.0002, dimensionless length 1 represents the thickness of domain walls. 
The parameter 𝛼3 and 𝛼4 are chosen such that strain difference between ξ=0 and 1 is the cause 
of residual strain in first loading of AFE material, data collected from experimental results 
shown in Figure 4-7. To validate our model, a dimensionless 20×20 square 2-D model was built 
and loaded with sinusoidal electric load on top and bottom boundaries, the initial state is in 
random AFE, which means P=0 and ?̅? = 1, with random distributed direction, and ξ is zero. The 
first loop of P-E curve and strain-E curve are plotted in Figure 4-12. Comparing figure 4-12 (c) 
and (d) to experimental result in Figure 4-7, the residual strain after first loading are correctly 
reproduced. Also noting that 1st half P-E hysteresis loop is wider than the second and later 
loops, this agrees with previous experimental data and in our calculation is a result from extra 
energy required in the first loop to overcome the energy barrier between aligned and random 
state. In our model this energy barrier is presented by restrain energy 𝑊𝜉. 
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Figure 4-12    (a) Energy potential over 1-D polarization curve at totally random state 
and pure aligned state same direction (A parallel), perpendicular direction (A Transverse). (b) 
Double hysteresis loop of virgin AFE material under first loading series. (c) The transverse 
direction strain vs. electric field curve at very first loop. (d) The longitudinal strain vs. electric 
field at very first loop. 
(a) (b) 
(c) (d) 
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Figure 4-13 construction of cracked AFE sample. 
Now we use the previous approved model to conduct virgin AFE material crack analysis. 
A stable cracked model is employed, with normalized size 20×20, a side stationary crack 
positioned in the center height of domain is pre-describes and set to be impermeable in the 
sample. Roller boundary condition is applied to left and bottom boundaries of sample to secure 
movement, external mechanical loading is applied to top surface with displacement controlled 
to introduce microstructure transition in AFE material. No electric field is applied the surfaces 
and open circuits boundary condition is applied to sides of sample. Initial state is random 
orientated virgin AFE state, with ξ=0 and directions of ξ and polarizations are all random. Initial 
polarization value is 𝑃 = 0, ?̅? = −𝐵/2𝐶. Strain controlled loading of constant 2% is applied 
instantaneously from zero time step.  
Result of the calculation over a sufficient time is plotted in Figure 4-13-Right. There is no 
AFE- FF phase transition, but a localized butterfly shape domain (indicated in red) of alignment 
is observed at the crack tip area. The shape of aligned region is as expected to follow the stress 
intensity distribution of Mode I due to the fact that alignment gave slight strain elongation on 
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parallel direction and significant decrease on transvers direction (Figure 4-12 (c)). After stable 
state of plotted is reached, we continued the calculation with external loading removed. It is 
shown that the alignment region do not transform back into random stage, as a result of energy 
barrier we introduced in confining energy  𝑊𝜉 . This irreversible process agrees with 
experimental data that alignment can be introduce by external loading and only revert back to 
random state by heat treatment. The crack tip butterfly shape irreversible alignment region 
suggests that when crack propagates, alignment region would leave a track along the crack 
wake area. This permanent crack wake alignment suggests shielding effect in the consideration 
of energy consumption during alignment by reorientation. Specific effect of alignment trace on 
crack propagation is still to be determined by the detail size, material property and relative 
mobility of crack propagation and alignment evolution. Butterfly shape alignment in Figure 4-13 
is directly linked to the special material behavior of PNZST 43/6.0/2 with small parallel direction 
elongation and significant shortening on transverse direction. Other composition may have 
different response and formation of alignment domain at crack tip. In fact the same class of 
PNZST material with lower concentration of Zr and Sn show similar AFE behavior with 
irreversible strain on 1st loading give a volume expansion and elongation on all directions. Trail 
simulation of such AFE material shows circular shape aligned domain in front of crack tip. The 
aligned domain have volumetric expansion and hence could serve as source of traditional 
toughening effect. 
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Chapter 5 CONCLUSION  
Simulation of ferroelectric and antiferroelectric behavior under multi-physics loading 
were conducted in this thesis. Although ferroelectricity and antiferroelectricity are closely 
related, two separate models were employed to describe the material behavior. Firstly, 
ferroelectric behavior is described in a Time-Dependent-Landau-Devonshire style model with 
ferroelectric polarization being the primary variable. Secondly, to better describe the 
antiferroelectric behavior model we invoke the two sub-lattice model and chose both 
ferroelectric polarization and antiferroelectric polarization to be primary variables. Governing 
equations and boundary conditions was put in commercial finite element analysis software 
Comsol multiphysics for numerical calculation. For validation purpose, mechanical loading 
effect on hysteresis loop was calculated for both samples. Ferroelectric model was investigated 
to study the effect of polycrystalline structure on mechanically induced crack tip switching. 
Ferroelectric model with pre-described stationary crack was built with homogenous initial 
ferroelectric polarization along the crack surface direction. Under zero electric field, we apply 
external stress perpendicular to pre-described crack and let the model evolve over sufficient 
time period to equilibrium stage. The result shows that dagger-shape 90° switched domain 
form at crack tip when perpendicular stress in applied. The slim switched domain tends to grow 
infinitely long in pure single crystal, but in polycrystalline simulation, both grain boundary and 
grain orientation difference would have blocking effect for switched domain growth: Grain 
boundary have a special trapping effect for slim switched domain growing through it and grain 
with orientation mismatch would thin down the slim switched domain grows into it. These 
blocking effects are possible mechanisms for shielding and support phase transition toughening 
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effect.  Antiferroelectric (AFE) model, on the other hand, is better simulated with the two sub-
lattice model, taking both ferroelectric polarization and antiferroelectric polarization as primary 
variables and to differentiate the FE and AFE phase. The model quantatively reproduced AFE 
double hysteresis loop and the strain-polarization relationship. Self-confinement study was 
performed in same model to confirm the energy density increase of bulk AFE material under 
self-confinement is caused by defect distribution, inner stress field form confinement and fringe 
effect. Another important shielding effect is from the orientation alignment localization at crack 
tip. The ceramic materials lattice alignment was considered for both FE and AFE models to 
reproduce the irreversible first loading residual strain from virgin ceramic. Given the localized 
alignment domain is irreversible upon unloading, a trace along crack growth path with the 
energy consumption proportional to crack length. Both domain switching and orientation 
alignment analysis confirms the localization behavior in ceramics. The localization mechanism 
involves grain boundary trapping, grain orientation difference, lattice alignment are 
investigated and confirmed in this study. 
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